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Abstract

We investigate stochasticity in choice behavior across diverse decisions.
Each decision is modeled as a menu of actions with associated outcomes, and
a stochastic choice rule assigns probabilities to actions based on the outcome
profile. We characterize rules whose predictions are not affected by whether or
not additional, irrelevant decisions are included in the model. Our main result

is that such rules form the parametric family of mixed-logit rules.

1 Introduction

Consider an analyst who observes individuals choosing among different actions, each

yielding a given payoff known to the analyst. Although people prefer higher payoffs, in
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reality they do not always choose the action that yields the highest payoff, for various
reasons, including cognitive limitations, errors in the decision-making process, and
random shocks to the perceived payoff. The analyst would like to develop a prediction
model to estimate out-of-sample choice probabilities, for example following a policy
change or market restructuring. In this paper we use an axiomatic approach to restrict
the analyst’s set of models, abstracting away from the physical reasons for randomness
in choice. We show that mixed logit, a commonly used model (also known as random
coefficients logit), is unique in satisfying three simple axioms.

We model a single decision instance as a menu consisting of a finite set of actions,
each associated with an outcome. For simplicity, we primarily focus on monetary
outcomes, represented by real numbers. The actions are treated as mere labels, car-
rying no intrinsic meaning for the decision maker. This modeling approach abstracts
from the structure of the alternatives and focuses instead on the distribution of pay-
offs. It parallels the random utility model literature, where utilities are primitives.
Alternatively, one can view menus as one-player normal form games.

A stochastic choice rule assigns to each menu a probability distribution over the
set of actions, which we interpret as the predicted choice probabilities. The collection
of stochastic choice rules is a rich, non-parametric family that gives rise to the problem
of model selection. We restrict this family by considering three axioms: monotonicity,
continuity, and independence of irrelevant decisions (11D).

Monotonicity requires that an action that yields a higher payoff is taken with
higher probability. This axiom places an ordinal restriction on the choice probabilities
within a menu but places no restrictions across menus. Continuity is the technical
assumption that a small change in outcomes leads to a small change in the model
predictions.

Our main axiom is independence of irrelevant decisions (IID). It is a condition
imposed on additively separable menus, or, as we shall call them, product menus.
Such menus represent situations where multiple choices are made together, and the
payoff from one choice does not affect the payoff from another. Suppose that an
individual has to choose one of the two actions A; = {a, b}, and also one of the two
actions Ay = {s,t}. We can think of these two choices as a combined choice in a
menu with action set A = {(a, s), (a,t), (b, ), (b,t)}, and an outcome function that
assigns a monetary payoff to each action. A simple case is the one in which payoffs

are additively separable, i.e., the outcome function is a sum of two functions, one that



depends on the first coordinate, and another that depends on the second. In this case
we say that the menu is a product menu.

For example, suppose that {a, b} are two brands of soap, and {s, ¢} are two brands
of milk. Then it may be natural to model the joint problem as a separable one.
However, if {a, b} are two choices for a suit’s jacket and {s,t} are two choices for the
suit’s pants, then the appropriate model will not be a product menu, since there are
strong complementarities.

Consider an analyst employed by a soap company who wants to predict the con-
sumer share of each soap brand at a new supermarket, which also sells milk. The
analyst could write a model that predicts the share of consumers that purchase each
(soap, milk) pair. Because the menu is separable, the analyst could, alternatively,
think of the soap decision separately, and predict choices in a menu that only includes
the actions {a, b}, ignoring the consumer purchases of milk. Our IID axiom is the
assumption that the predicted choice probabilities for soap will be independent of the
two modeling options. Hence, the analyst may ignore the milk choice. Without IID,
a model may provide different predictions for soap choices, depending on whether or
not the choice of milk was included in the model, and furthermore on whether many
other irrelevant choices were included, such as whether the shopper paid with cash
or card, or what color shirt they chose to wear in the morning.

Note that IID does not exclude the possibility that these choices are correlated:
it is possible that consumers who buy better soap are more likely to buy better
milk. However, since there is no complementarity or substitutability between the two
products, the menu of milks that consumers face is irrelevant to the menu of soaps.
Accordingly, IID requires that a model yield the same predictions for soap, regardless
of whether or not the choice of soap is modeled in conjunction with the choice of milk.
In a sense, when an analyst decides to exclude an unrelated choice from their model,
they are implicitly assuming that IID holds. We thus argue that IID is a reasonable
positive assumption on the analyst and the set of possible models they may use to
describe decision makers. Of course, for the choice of jacket and pants, where the
menu is not a product menu, IID imposes no restrictions.

Our main result is that mixed-logit rules are the only ones that satisfy mono-
tonicity, continuity and IID (Theorem 1). Moreover, the mixing measure over the
logit parameter is identical across all menus. Thus, even though the IID axiom only

restricts predictions for product menus, its conjunction with monotonicity and conti-



nuity implies that all choices—including in non-product menus—are made according
to the same mixed logit rule.

This result provides a simple, novel foundation for this widely used choice rule. It
also shows that either IID or monotonicity is violated by all other stochastic choice
rules, such as one-shot probit and separable probit. Indeed, one-shot probit vio-
lates IID, while separable probit violates monotonicity (see §5). The theorem thus
highlights that modeling even one decision instance with a rule that is inconsistent
with mixed logit carries hidden global assumptions.! Regardless of how behavior is
modeled on other menus, such a decision maker must either be influenced by the
presence of irrelevant decisions (violating IID) or fail to choose better actions with
higher probability (violating monotonicity).

A natural interpretation of our theorem is that it characterizes the behavior of
a stochastic payoff maximizer in the presence of unobservable heterogeneity. Each
realization of this heterogeneity gives rise to a distinct multinomial logit rule, corre-
sponding to stochastic utility maximization with a particular level of utility shocks.
The observed choice behavior, which takes the form of a mixture over such logits, thus
reflects an average over this unobserved variation—whether across different individ-
uals in a population or across multiple “selves” of a single decision maker, randomly
realized at the time of choice. Importantly, this behavioral structure is not assumed
and emerges as an inevitable consequence of our axioms.

Geometrically, the theorem shows that the set of stochastic choice rules satisfying
the axioms is the convex hull of multinomial logit rules, which constitute its extreme
points. These extreme rules can be characterized by strengthening IID to a more
demanding axiom, which we call decomposability. Decomposability further requires
that irrelevant choices are made independently, e.g., that decision makers choose soap
and milk independently. We show that rules satisfying monotonicity, continuity and
decomposability are exactly multinomial logit rules (Corollary 1).

According to Theorem 1, the mixing over multinomial logit rules remains constant
across menus. An important consequence, explored in Proposition 1, is that any rule
satisfying monotonicity, continuity, and IID must exhibit non-negative correlation in
choice probabilities across product menus. Intuitively, individuals who experience

less noise in one dimension of the menu will likewise experience less noise in the other

IProposition 2 below shows that already on menus with three alternatives there are choice prob-

abilities that are inconsistent with any mixed logit model.



dimension. The impossibility of negative correlation is not immediately apparent
from the axioms. In particular, it is not a direct implication of IID, which allows for
any correlation structure of choice probabilities in product menus. Instead, it is a
joint implication of the three axioms put together.

To highlight another implication of our axioms, we show a novel property of mixed
logit, which already applies to very simple menus with three actions. As an example,
consider a menu with actions a, b and ¢, yielding payoffs 0, 2 and 7, respectively.
Suppose that we observe that action a is chosen with probability 5%. What do the
axioms imply for the choice probability of ¢? As it turns out (see §4), IID by itself
does not imply any constraints. Monotonicity implies that the probability of choosing
c is at least half of the complementary probability, 47.5%. Continuity imposes no
restrictions. Interestingly, the three axioms together imply that the probability of ¢
is at least 83.8%. This lower bound corresponds to the choice probability of ¢ in the
unique multinomial logit rule under which a is chosen with probability 5%. More
generally, we show that under mixed logit, given the choice probability for the lowest
payoft action, the choice probability for the highest payoff action is at least the choice
probability under multinomial logit (Proposition 2).

In §6 we extend our main result to menus in which outcomes are not just one-
dimensional payoffs, but rather take values in R". We offer a number of interpretations
to this settings, including choice among production plans, choice under ambiguity,
and choice among Gaussian lotteries. In all of these cases, IID has a straightforward
interpretation, as does the resulting mixed-logit rule.

In the first application, a menu represents a choice by a firm between production
plans, where each plan is characterized by the quantities of different inputs it requires
and the outputs it produces. The IID axiom means that a firm that has two factories
that do not affect each other will make separate choices of plans. Our results show
that firms act as if they are maximizing profit under some prices for the inputs and
outputs. These prices can be inferred from the choice probabilities.

In the choice under ambiguity application, the outcome associated with an action
is a Savage act, or a vector of state-contingent payoffs, rather than a fixed payoff, as
in our one-dimensional model. Our results state that a model satisfying our axioms
describes a population of subjective expected-payoff maximizing agents, each with a
prior about the state and a level of noise. Since the only rationality assumption intro-

duced directly by the axioms is monotonicity, beliefs and expectation maximization



emerge from IID.

1.1 Related Literature

Mixed logit, a weighted average of multinomial logit rules, is a widely used model of
randomness across various fields, including economics, psychology, statistics, machine
learning, and statistical mechanics. Its simple structure and flexibility allow it to
overcome the limitations of multinomial logit and accurately approximate empirical
choice behavior (McFadden and Train, 2000; Train, 2009; Anderson, De Palma, and
Thisse, 1992).

Despite its importance, characterizing mixed logit axiomatically—without relying
on its functional form—has proven challenging. Saito (2017) provides two character-
izations, though in a different setting. Saito considers a decision-maker with beliefs
over possible menus, whose choice function is defined on sub-menus of a grand menu.
One characterization requires that the agent’s random choice be superior to the worst
naive choice. The other, based on the positivity of the Block-Marschak polynomi-
als, aligns with characterizations of general random utility models (Falmagne, 1978;
Clark, 1996; McFadden and Richter, 1990). Axiomatic approaches have also been
used for other generalizations of multinomial logit that share similarities with mixed
logit, such as attribute rules or nested logit rules (Gul, Natenzon, and Pesendorfer,
2014; Kovach and Tserenjigmid, 2022) and multinomial logit with alternative priori-
ties (Echenique, Saito, and Tserenjigmid, 2018).

In contrast to mixed logit, multinomial logit enjoys numerous characterizations.
Its early popularity stemmed from its micro-foundation as a random-utility model
with Gumbel-distributed shocks (Luce and Suppes, 1965), and its analytical tractabil-
ity, providing explicit formulas for choice probabilities and welfare, unlike other ran-
dom utility models that require Monte Carlo methods. Multinomial logit is also cen-
tral to quantal response equilibrium, a generalization of Nash equilibrium for agents
prone to errors (McKelvey and Palfrey, 1995).

According to Luce (1959), a choice rule exhibits independence of irrelevant alter-
natives (IIA) if the relative probabilities for a subset of alternatives do not depend
on the presence of other alternatives in the choice set. Unlike ITA, which constrains
behavior across nearly identical menus—such as those generated by duplicating an

action, as in Debreu (1960)—IID places no restrictions in such settings. Instead, 11D



applies only to decisions made in separate, non-overlapping contexts.

Luce (1959) demonstrated that any behavior satisfying ITA can be generated by
multinomial logit for some choice of utilities. In our setting—as in the analysis of
random utilities—the scale of utilities is given. For a given scale, ITA implies that the
probability of an alternative must be proportional to some fixed function of its utility.
Multinomial logit corresponds to the exponential function, but ITA is also compatible
with any other.

Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini (2021b) and Breitmoser
(2021) characterize multinomial logit for a given utility scale. Both papers augment
ITA with several other axioms to pin down the exponential dependence. Cerreia-
Vioglio, Maccheroni, Marinacci, and Rustichini (2021b) characterize the whole one-
parametric family of logit rules via axioms relating the rule’s behavior across differ-
ent noise levels and implying the multiplicative property of the exponent. Breitmoser
(2021) pins down the exponential dependence by requiring translation invariance. An-
other related paper is Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini (2022),
who characterize logit in a dynamic context. ITA underpins all these results; its ra-
tionality foundations are discussed by Cerreia-Vioglio, Lindberg, Maccheroni, Mari-
nacci, and Rustichini (2021a). Yellott (1977) shows that a version of ITA pins down
multinomial logit withing the class of independent random utility models with shock
distribution fixed across menus; see also Luce and Suppes (1965) and Ragain and
Ugander (2016). In contrast, our framework starts from a broader class of choice
rules—including those with correlated or menu-dependent shocks, or not correspond-
ing to stochastic utility maximization at all-—and narrows it down purely through
axioms. Absent IID, behavior across menus can be entirely unrelated.

Matéjka and McKay (2015) develop a model combining choice with a given utility-
scale and the rational-inattention framework of Sims (2003). They demonstrate
that multinomial logit captures the behavior of a utility-maximizing individual with
entropy-based attention cost. Woodford (2014) and Mattsson and Weibull (2002) de-
rive related results for binary choices and costly effort, respectively. Steiner, Stewart,
and Matéjka (2017) obtain an entropy-cost characterization of dynamic logit; see also
Fudenberg and Strzalecki (2015). The result of Matéjka and McKay (2015) supports
the conclusion of Camara (2022) that cognitive costs force decision-makers to split
problems into unrelated sub-problems whenever possible.

Our axioms of independence of irrelevant decisions and decomposability have



some similarities to separability notions in dynamic or multi-agent choice. Cham-
bers, Masatlioglu, and Turansick (2021) and Kashaev, Plavala, and Aguiar (2024)
consider the choice behavior of two agents (or of a single agent over two periods)
and study its separability, i.e., whether a joint distribution over choices is compatible
with the existence of a single distribution over utility pairs; see also Frick, Iijima, and
Strzalecki (2019); Li (2021); Kashaev, Gauthier, and Aguiar (2023) for multi-period
dynamic random utility models. In a multi period context, Fudenberg, Lanzani,
and Strack (2025) show that mixed probit describes the limiting choice of an agent
with bounded memory and Gaussian information. Sandomirskiy, Sung, Tamuz, and
Wincelberg (2025) explore a version of our decomposability axiom in multi-agent
strategic environments, axiomatizing Nash and quantal response equilibria as well as

new solution concepts.

2 Model

We study the choice behavior of a decision maker across a variety of decisions. Let A
be a universal set of actions that the decision maker could possibly take. We assume
that this set is non-empty and closed under the operation of forming ordered pairs. In
other words, if a1, as € A then the pair (ay,ay) is also an element of A. For example,
if a; is the action of buying a certain soap and ay is the action of buying a certain
milk, then (aq,as) is the action of purchasing both. Note that this condition implies
that A is infinite.? We further assume that A is countable.

The set of possible outcomes of a decision is denoted by O. A single decision
instance is represented by a menu (A,0), where A < A is a finite set of possible
actions and o: A — O assigns an outcome to each action. The outcome of an action
encapsulates all the information about this action relevant to the decision-maker. In
contrast, the name of the action is just a label, and we think of it as carrying no
significance for the decision maker.

We formalize the model and discuss the results for O = R. This benchmark
outcome space can be used to model decision-makers who compare actions by a
single number, such as their monetary reward—and we accordingly refer to outcomes

as payoffs. More general outcome spaces are considered in §6.

2Indeed, if a € A, then (a,a) € A, and hence ((a,a),a) € A, and so on.



We display a menu by showing each action’s outcome below it. For example,

(4,0) = {334 —?7}

is a menu with two actions, choosing a or b, with the former having a monetary
reward of 3.14 and the latter having a reward of —17.

The collection of all menus is denoted by M. It consists of all pairs (A, o) where A
is a finite subset of A and o is a function from A to R. The richness of M distinguishes
our approach from the standard stochastic choice setting in which menus are subsets
of some fixed finite set of alternatives.

Another distinguishing feature of our approach is that it abstracts from the in-
ternal structure of alternatives and focuses solely on the payoffs induced by actions.
This is in line with the random utility model literature, where utilities are taken as
primitives. Our approach also admits a game-theoretic interpretation: a menu can be
viewed as a one-player normal form game. Since actions are treated as mere labels,

the same action may appear in different menus and result in different outcomes.?

A stochastic choice rule is a map ® that assigns to each menu (A,0) € M a
probability distribution over A. We denote by ®(a | A, 0) the probability that ®(A, o)
assigns to a € A. We think of ® as describing or predicting the choices of a decision
maker across different situations.

One family of widely used stochastic choice rules consists of the independent ad-

ditive random utility models (IARU), which are given by
IARU(a | A,0) = ]P’[o(a) + £q = max o(b) + 8b],
S

where o(a) is interpreted as the utility of action a and (&,)pe4 are independent shocks
with a common continuous CDF F. When these shocks follow the Gumbel distribu-
tion with a positive scale parameter %, ie., F(z) = exp(—exp(—p - z)), this is the
multinomial logit rule (MNL), which is given by

s 4o exp(8-ofa)
BRI T EO))

While the multinomial logit rule is commonly used in the empirical literature for

its computational tractability, it does not allow for random taste variation, various

3For example, an action a may represent the decision to buy a brand of soap in one menu, and

represent the decision to wear a shirt of a particular color in another menu.



substitution patterns, and correlation in unobserved factors over time (Train, 2003).
Some of these limitations are overcome by the mized-logit rule (ML), which is a

weighted average of multinomial logit rules, given by
MLA(a | A, o) f MNLA(a | A, 0) du(3).

It is parameterized by a probability measure p over the logit parameter 5.

We consider several properties of stochastic choice rules. The first one is mono-
tonicity. Monotonicity captures a sense in which the decision maker’s choices are
driven by preferences for higher payoffs. In particular, it limits the possible influence

of action labels on choice behavior.*

Axiom 1 (Monotonicity). A rule ® is monotone if for any menu (A,0) in M and
any a,a’ € A such that o(a) = o(a’) it holds that ®(a | A,0) = ®(da’ | A,0).

That is, a rule ® is monotone if an action with a higher payoff is chosen with
a higher probability than one with a lower payoff. Note that this axiom does not
impose any constraints across menus, but only within a given menu.

Monotonicity is satisfied by all TARU models. Moreover, the class of stochastic
choice rules that satisfy monotonicity is convex, i.e., a mixture of monotone rules is
monotone. In particular, the mixed-logit and mixed-probit models satisfy monotonic-
ity.

For a fixed set of actions A, we say that a sequence of menus (A4, 0,) converges
to (A, o) if lim, 0, (a) = o(a) for all a € A.

Axiom 2 (Continuity). A rule ® is continuous if for any sequence of menus (A, o,)
from M converging to (A, o), we have lim, ®(a | A,0,) = ®(a| A,0) for all a € A.

Alternatively put, continuity stipulates that very small changes in the outcomes
result in very small changes in choice probabilities. This axiom excludes stochastic
choice rules that describe individuals who pay excessive attention to even negligible

differences in outcomes. For instance, it is violated by rules that always select one

4While our model is motivated by the view that only outcomes matter to the decision maker, the
definition of a stochastic choice rule by itself does not preclude dependence of choice probabilities
on labels, thus potentially allowing for framing effects. As we will see, such effects will be ruled out

as a byproduct of our main result.
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of the highest-payoff actions, regardless of how small the advantage is. Nevertheless,
continuity is a common modeling choice made for good reason: people do not al-
ways choose the dominant action, especially when the difference between outcomes is

minuscule.

Our main axioms concern choice rule predictions on menus that represent combi-

nations of unrelated decisions. We say that (A, o) is a product menu if
A = Al X A2 and o(al,ag) = 01(@1) + 02(&2). (1)

That is, A consists of action pairs a = (ay,as) with a; € A; and ay € Ay, and the
outcome assigned to each pair is additively separable. We write (A,0) = (A;,01) ®
(Ag, 09) and refer to (A, o) as the product of (Ay,01) and (As, 09).

For example, suppose an experimenter runs two tests consecutively on the same
subject. In the first test, the subject chooses between two actions a and b, and receives
payoff 0 or 1, accordingly. In the second, the subject chooses between s and ¢, and
again receives 0 or 1. Indeed, many experiments contain comprehension questions
and pay subjects for each correct answer.

The first test would be well-modeled by the menu (Ay, 0;), with A; = {a, b} and
o1(a) = 0, 01(b) = 1. Likewise, the second test would be well-modeled by (A3, 0s),
with As = {s,t} and 0s(s) = 0, 09(t) = 1. The joint decision the subject faces is the

product menu

wa-{5 theds -0 T N}

Alternatively, the experimenter could only award the subject if both questions are

s t
al0 1
bll 2

answered correctly. This experiment would be well-modeled by the menu

(A,o’):{(a’s) (at)  (bs) (b,t)}

S
o 0 0 1 0
0

— o

a
b
This is not a product menu, even though the action set is a product set (indeed, the
same product set), because the payoffs are not additively separable.

Outside of the experimental lab, the menu (A, o) could represent a choice between

two brands of soap, made together with a choice between two brands of milk. As is

11



standard in the empirical literature, one can think of actual payoffs as comprising the
payoffs in these menus, plus an idiosyncratic shock. The fact that (A, 0) is a product
menu would capture the lack of substitutability or complementarity between these
products. In contrast, the menu (A, o') could be used to model a choice of jacket and
pants, assuming that both have to be chosen correctly for the suit to work.

Product menus may remain appropriate when unrelated choices are influenced
by prices. For instance, suppose the payoffs from consuming soaps and milks in the
absence of prices are given by (A, 0), and prices are p(a), p(b) for soap and ¢(s), q(t)

for milk. Then the combined decision can be represented as

Note that this model would only be appropriate in the absence of wealth effects and, in
particular, no binding budget constraint. For example, a situation where the bundle
(b, t) exceeds the budget, may be modeled by assigning a prohibitively negative payoff
to that cell, thus breaking the product structure. More broadly, the presence of budget
constraint or other joint constraints can generate interdependencies between otherwise
unrelated decisions, in which case their combination would no longer correspond to a
product menu.

Importantly, we do not assume that arbitrary combinations of decisions give rise
to product menus. While any such combination involves taking the Cartesian product
of the underlying action sets, the associated outcomes need not take the separable
form (1), as the examples above illustrate. Nonetheless, the richness of the menu
collection M implies that a choice rule must provide predictions to what a decision

maker will do when faced with a product menu.

Our main axiom, IID, restricts the choice rule only on product menus. It re-
quires that choice predictions for a product menu be consistent with predictions for
each component considered separately. We begin by discussing a stronger assump-
tion, which additionally requires statistical independence of choices across the two

dimensions of a product menu.

Axiom 3 (Decomposability). A rule ® satisfies decomposability if for all product

12



menus (A, 0) = (A1,01) ® (Az, 09) in M, it holds that
®((a1,a2) | A,0) = ®(ay | Ay, 01) - ®(az | As,02) (2)
for all (a1, as) € A.

For example, suppose we observe the choice probabilities of (A, 01) and (Asg, 07)

to be
@(8 ?) ch(; D — (1/3,2/3).

Decomposability requires that for the product menu,

‘ s t ‘ S t
) al0 1 = a 1/9 2/9 .
bll 2 b 2/9 4/9

Decomposability means that, for product menus, the prediction is the same as
when that decision is made in isolation. Moreover, the predicted distribution is
statistically independent across the two dimensions. In the experimental lab example,
this would imply that subjects choose the wrong answer independently in the two
questions they are asked, when they are rewarded separately for each correct answer.
Decomposability imposes no restriction on predicted behavior in situations where
subjects are rewarded only for answering both questions correctly, as such situations
do not correspond to product menus.

While decomposability is a simple separability assumption, in some settings its
independence component may be unrealistic, especially in the presence of unobserv-
able heterogeneity. In the lab example, one could expect that subjects who answer
the first question correctly are more likely to also answer the second correctly. In
the soap-milk example, we might expect that consumers who are more careful when
choosing soap are also more careful in their choice of milk, causing correlation when
the two choices are made together.

The IID axiom is a weakening of decomposability, allowing for such correlations
while maintaining consistency with predictions for the components. Given a product
menu (A, 0) = (A1, 01)® (A, 02), we denote the marginal choice probability of a; € A,
by

O(ay | Ay0) = Z ® ((a1,a2) | A,0).

a2€As

13



Axiom 4 (IID). A rule ® satisfies independence of irrelevant decisions if for
all product menus (A, 0) = (A1,01) ® (Az,09) in M, it holds that

D(ar [ A 0) = P(ar | A1, 01) (3)
for all ay € A;.

For example, for the menu (A, 0) = (A1,01) ® (A, 09) above, IID implies that if

@(8 ?) :@(8 ;) — (1/3,2/3),

B(a | A,o0) = D((a,s) | A,0) + B((a,) | A,0) = %

then

Thus, IID allows for predictions such as

s t S t
Pl a|l0 1 |= a 1/6 1/6 ,
b1l 2 b 1/6 3/6

which is not a product measure, but it does not allow

s t ] t
Q| a0 1 |=a|l/8 2/8.
b1 2 b|2/8 3/8

Like decomposability, the IID axiom imposes no restrictions on choice rule predictions
for non-product menus such as (A, o).

ITD means that predictions are independent of the inclusion of an unrelated menu
into the analysis. In other words, for product menus, the predicted choice frequency
of an action in the first dimension is consistent with predictions when only that
dimension is considered.

Without the assumption of IID, a modeler would have to include all irrelevant
decisions that the population faces in order to make an accurate prediction. Thus
an analyst who wants to predict the consumer share of soap brands would have to
investigate other, unrelated decisions consumers face, such as which milk they buy
or which color shirt they choose to wear. On the other hand, with IID, these various

decisions can all be ignored without affecting the relevant predictions.
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IID is satisfied by multinomial logit, and, more generally, by a class of models
that we call separable IARU ; in fact, these models satisfy decomposability. In these
models, shocks are added independently for each dimension of a product menu. This
is in contrast with the standard TARU models in which shocks are added directly to
choice pairs in a product menu as if the choices were made in one shot.

In separable IARU models, if a consumer is purchasing a milk and a soap, they
choose the best milk subject to some noise and the best soap subject to some addi-
tional noise, with the noises independent for the two choices. Such a model could also
be applied in a dynamic setting: a consumer chooses milk both today and tomorrow,
and faces independent shocks for the two periods.® In one-shot IARU models, con-
sumers choose the best milk-soap pair subject to some noise that is added to each
pair. For a non-product menu, separable IARU and one-shot TARU models coincide.

We formally define separable IARU models recursively, as follows. ® is a separable
IARU model if there exists a shock distribution e such that the following holds.

e For a menu (A,0) = (A1, 01)®(Asg, 02), which is a non-trivial product, i.e., with
|A;| = 2 and |Ay| = 2, it holds that

®((a1,a2) | A,0) = ®(ay | Ay, 01) - ®(az | Ag, 02).
That is, shocks are applied independently to each dimension.
e Otherwise,
O(a | Ay0) =Plo(a) + e, = max o(b) + &), (4)
€
where (gp)pca are independent and distributed as e.
Interestingly, while the one-shot logit rule can be written as a separable IARU model,
the one-shot probit rule cannot. Indeed, it turns out that the one-shot probit rule
violates IID. See §5.
The IID axiom by itself allows for a wide range of choice rules. These include all

separable IARU models, but also their mixtures, since the class of stochastic choice

models that satisfy IID is convex. In particular, mixed logit satisfies IID.

5We thank an anonymous referee for suggesting this example.
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2.1 Implications of the Axioms

The main result of this paper is a characterization of all monotone, continuous rules
that satisfy IID. Before presenting our main result, we illustrate that while each
of these axioms on its own is rather weak, together they have surprisingly strong
implications.

For example, consider an analyst who is interested in choice probabilities in the

menu

ap a2 as
(A”):{o 2 7}
Suppose that the analyst observes the choice probability of the action a; to be 5%,
ie., ®(ar | A 0) =5%.

Clearly, monotonicity implies ®(a3 | A,0) = 47.5%, since ®(ag | A,0) + P(as |
A,0) = 95% and P(ay | A,0) < P(asg | A,0). Without monotonicity, IID yields no
constraints for ®(a3 | A,0), since (A, 0) is not a product menu (indeed, even decom-
posability has no further implications). Naively, the combination of monotonicity and
ITD does not seem to imply any further constraints.

Surprisingly, this intuition is wrong. It turns out that if we assume that & is
monotone and satisfies IID, then ®(a; | A, 0) = 5% implies that ® (a3 | 4, 0) = 83.8%.
This bound is tight: if we make the stronger assumption that ® is monotone and
decomposable, then ®(a; | A,0) = 5% implies that ®(as | A,0) = 83.8%. As we
explain in detail below, this is a consequence of our main results. Note that our main
results also assume continuity, but this axiom is not needed in this example, since all
payoffs are integer. Continuity allows us to extend to real payoffs. Indeed, there is a

unique @ that is monotone, decomposable, continuous, and satisfies ®(a; | A,0) = 5%.

3 IID and Mixed Logit

Recall that for p supported on R, the mixed-logit rule given by
MM—JMMﬁ@@) (5)

satisfies monotonicity, continuity, and IID. Our first theorem states that no other

rules satisfy these axioms.
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Theorem 1. Let & satisfy monotonicity, continuity, and IID for the outcome space

O =R. Then ® coincides with a mized-logit rule ML" for some p supported on R, .

Theorem 1 is proved in §7. An interpretation of the theorem is that any decision
maker satisfying the assumptions behaves as a stochastic payoff maximizer, whose
magnitude of payoff shocks, captured by the parameter 3, is itself random. Condi-
tional on each realization of 3, choices follow a multinomial logit rule. The realized
magnitude is unobservable and thus the observable choice takes the form of a mixture
over such logits, with mixing distribution p. This distribution may reflect heterogene-
ity in noise magnitude across a population or variability of the internal state of a single
individual. Notably, the fact that choice probabilities follow a random utility model
emerges from the axioms and is not assumed a priori.

The theorem highlights several additional consequences of the axioms, beyond
explicitly characterizing the form of choice rules consistent with them. First, while our
definition of a stochastic choice rule and each axiom in isolation permit dependence
on action labels, the axioms jointly rule this out: only the profile of outcomes in the
menu can affect choice probabilities, eliminating framing effects. Second, although
IID—the only axiom linking behavior across menus—places no restrictions on non-
product menus by itself, its interaction with the other axioms pins down behavior on
all menus. As a result, the same mixed-logit rule governs choice even in compound
decisions that are not representable as product menus—for example, those involving
interrelated choices or shared constraints.

Theorem 1 also has implications for possible choice correlation across unrelated
decisions. Because the mixing distribution p is fixed across all menus, choices in prod-
uct menus must exhibit non-negative correlation: lower shock magnitudes (and thus
better decisions) tend to occur simultaneously across the components of a product
menu. This pattern is a joint consequence of the three axioms rather than of IID,
which allows for arbitrary correlation in product menus. We are not aware of a direct
proof of the fact that our axioms imply non-negative correlation.

Formally, we define correlation as follows. Given a menu (A,0) and a function
f: A — R we will write ®(f(a) | A,0) = >, f(a)®(a | A, o) for the expectation
of f under the probability measure ®(:|A,0). A stochastic choice rule ® exhibits

non-negative correlation on a product menu (A, 0) = (A, 01) ® (Az,09) if

<I><01(a1) - 09(asg) ‘ A, 0) > <I><01(a1) ‘ Aq, 01) . @(02(@) ‘ As, 02>. (6)
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We say that ® exhibits zero correlation if (6) holds with equality. A menu (A, o) is
said to be non-trivial if o is non-constant.

In the example of the lab experiment in which every correct answer yields a payoff
of one, non-negative correlation means that when a subject answers the first question

correctly they are (weakly) more likely to answer the second one correctly.

Proposition 1. For any probability measure i, ML* exhibits non-negative correlation
on every product menu. Moreover, ML" exhibits zero correlation on a product of non-

trivial menus if and only if u is a Dirac measure.

The proof of Proposition 1 appears in §B, and is straightforward. What is more
surprising is that every rule that satisfies our axioms has non-negative correlation.
In §5 we provide an example demonstrating that probit models do not always exhibit
non-negative correlation, highlighting the connection between this property and our

axioms.

As a direct corollary of Theorem 1 and Proposition 1, we characterize multinomial

logit rules by strengthening IID to decomposability.

Corollary 1. Let ® satisfy monotonicity, continuity and decomposability for the
outcome space @ = R. Then ® coincides with a multinomial logit rule MNL? for

some [ = 0.

Instead of decomposability in Corollary 1, it is enough to assume that ® satisfies
ITID and exhibits zero correlation on a product of a pair of non-trivial menus. Proposi-
tion 1 also implies the well-known fact (see Fox, il Kim, Ryan, and Bajari, 2012) that
a non-degenerate mixture of multinomial logit rules cannot itself be a multinomial
logit rule. This yields a geometric interpretation of Theorem 1: the set of choice rules
satisfying monotonicity, continuity, and IID is convex, with multinomial logit rules

as its extreme points.’

6An extreme point of a convex set is one that cannot be written as a non-trivial convex com-
bination of others. In this light, representation (5) mirrors the Choquet theorem: any choice rule
satisfying the axioms can be expressed as a mixture of extreme points. Fox et al. (2012) show that
this representation is unique, that is ML* = ML* implies u = 1, so the space of such rules forms
an infinite-dimensional simplex. This fact also follows from Proposition 5 in §7, which is a part of
the proof of our main theorem. In fact, this proposition shows that u is already identified by the

choice probabilities on menus with integer outcomes.
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To illustrate the ideas behind Theorem 1, we sketch a direct proof for Corollary 1.
The proof of Theorem 1 follows a similar path, but does it in a more complicated,
random setting, making use of the De Finetti Theorem to show that ® is a convex
combination of decomposable rules.

Suppose ¢ is decomposable and monotone. We show that ® (restricted to menus
with rational payoffs) is identified by its predictions for a single menu, and that this

implies that ® is a multinomial logit rule. Assume we know ®(B,r) for

(B,r):{(g] bll}

For the sake of this proof sketch, suppose also that both by and b; are chosen with
positive probability. Our goal is to show how this knowledge pins down ® on any
given menu (A,0). Since multinomial logit rules are monotone and decomposable,
this will immediately imply that ® is a multinomial logit rule, with the parameter g
chosen to agree with ® on (B, 7).

For clarity, consider the particular example

aq a9 as
A o) = )
(4,0) {—17 17 42}
The same idea will apply to any (A, o).
By monotonicity ®(a; | A,0) = ®(as | A,0). We will demonstrate that ®(as | A, 0)
and ® (a3 | A, o) satisfy a certain identity. Consider the product of (A,o0) with the
n-fold product of (B, r):

(A,0)® (B, 1)@ (B,1)®--- ®(B,r), (7)

) o s ]
where n = o(az) — o(az) = 59. In this menu, the two actions (as, bg, bo, - .., by) and
(ag,b1,b1,...,b1) have the same outcome, and thus have the same probability by

monotonicity. Therefore, decomposability implies
(I)(a3 | A70> ’ (I)(b() | B7T)59 = @(QQ | A,O) ’ (I)(bl ‘ B’T)59. (8)

Combined with the identities ®(a; | A,0) = ®(az | A,0) and P(a; | A,0) + P(ay |
A,0) + ®(asz | A,0) = 1, this equation pins down ®(A, o), which is therefore deter-
mined by ®(B,r). Since |B| = 2, we can always choose § = 0 such that ®(B,r) =
MNL?(B,r). Since multinomial logit also satisfies the same identities, we conclude

that ®(A, 0) = MNL?(4, o).
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4 Restrictions of Monotonicity and IID

The family of mixed-logit rules is parameterized by a probability measure, which is
an infinite dimensional object. This gives this family considerable flexibility to model
a wide range of behavior. Nevertheless, knowing that a rule belongs to this family
imposes significant restrictions on the choice probabilities, even within simple menus.
As we discussed above, for the menu

wa-{5 % %)

it holds for every mixed-logit rule ® that ®(a; | A,0) = 5% implies that ®(as |
A,0) = 83.8%. Indeed, this lower bound of the choice probability of az turns out to
be MNL?(a3 | A,0) for the § that satisfies MNL?(a; | A,0) = 5%. The following

proposition shows that this is a general property of mixed-logit rules.

Proposition 2. Let A = {a1,...,a,} and o(a1) < o(az) < --- < o(a,). Let f € R
be the (unique) logit parameter satisfying MNLP(a, | A,0) = ®(ay | A,0). If ® is a
mized-logit rule, then ®(a, | A,0) = MNL’(a, | A, o).

By a symmetric argument, we can get a lower bound on the probability of ay,
given the probability of a,: if v is such that MNL"(a, | 4,0) = ®(a, | A,0), then
P(a; | A,0) = MNL(ay | A, 0).

Proposition 2 highlights a property of mixed logit, independently of our main
results. But since our axioms imply mixed logit, it follows from this proposition and
our main results that every rule that satisfies our axioms also satisfies this property.

We do not know a direct proof of this.

Proof. If o(a;) = --- = o(ay), then it is trivial, since ® and MNL® are uniform
for all 8, by monotonicity. Suppose then, that at least one of the inequalities is
strict. Without loss of generality, suppose o(a;) = 0. Define d(8) = >, e#°(). Let
L(B) = - and H(B) = <2 denote the logit choice probabilities of the low and

d(B) d(B)
high alternatives, respectively, as a function of .

Denote p = ®(ay | A,0). Since d(f3) is strictly increasing, the § solving L(3) = p
is uniquely pinned down by p. Let F(5) = —L(f3), so that H and F' are increasing
functions.

We show in Lemma 4 in the appendix that

H// Ll/ F/l
H’ L F
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Hence, by Pratt (1964), FoH ! is increasing and concave, i.e., LoH ! is decreasing
and convex, and its inverse H o L~! is convex. Because ® is mixed logit, there is a

probability measure p such that ®(a, | A,0) = { Hdp and p = § Ldu. For such g,

we have
®(a, | A,0) = fHd,u = fHoL_1 oLdu>HolL™* (JLd,u)
= Ho L (p) = H(B) = MNL(a, | 4,0).
The inequality follows from Jensen’s inequality since H o L~! is convex. [

5 Probit Rules

Probit rules are a natural and widely used family of stochastic choice rules. One-shot
probit is an independent additive random utility (TARU) model with normal shocks,
so that

d(al| A o) = IP’[O(@) +€q = max o(b) + 56],

were ¢, are independent Gaussians. Separable probit is a separable IARU model in
which each component in a product menu receives its own independent normal shocks
(see (4)). Our main result implies that these rules must violate our axioms. We show
that the popular one-shot probit rule violates IID. Perhaps more surprisingly, we
demonstrate that separable probit—which does satisfy [ID—violates monotonicity.
We also show that probit rules may exhibit negative correlation, unlike mixed logit.

Consider the simple one-shot probit rule with standard Gaussian N(0, 1) shocks.

We examine its predictions for the menu

e - {0 )

and its “square”

by by
(C,s)=(B,m)®(B,r)= by | 0 1.
by | 1 2
The probit predictions are
- b b
Probit(B,r) ~ ————— and Probit(C,s) ~ b, [ 0.033 0.175 .
0.24 0.76

by | 0.175 0.617
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Since the marginal probability of choosing by from (C, s) is 0.175+ 0.617 = 0.792,
which is greater than the choice probability of b; from (B,r), the probit rule vio-
lates IID. We also note that, unlike multinomial logit, which exhibits zero correlation

in product menus, the probit predictions for (C, s) exhibit negative correlation, as
Probit((by,by) | C,s) ~ 0.617 < 0.627 ~ Probit(b; | C, s)*.

The reason underlying both effects is that the Gaussian distribution’s tails are too
light. When outcome differences are large, the light tails cause probit weights to drop
too quickly, much more so than in the logit case. When the differences are small
relative to the noise variance, probit is less sensitive to those differences than logit.
This leads to insufficient mass on (bg, by) and excessive probability on mixed pairs like
(b1,bo) and (bg, b1) thus generating negative correlation and IID violation.

We now show that separable probit violates monotonicity. Let ® be a separable
IARU with standard normal shocks. That is, ® coincides with the one-shot probit on
each menu that cannot be represented as a non-trivial product, while the prediction for
product menus is defined as the product of predictions. This ensures decomposability

and thus IID. Consider the menus

(A1701)={3 }93}7 (A2702)={8 2}7 (A3703)={8 é},

(A,0) = (A1,01) ® (Az, 02) ® (As, 03).

and let

Let G denote the CDF of the difference of two independent standard normals, i.e., a
normal distribution with mean zero and variance 2. Then ®(b | A;,01) = G(9) and
O(d | Az, 09) = P(f | A3, 03) = G(6). Since P satisfies decomposability,
®((a,d, f) | A,0) = (1= G(9)) - G(6)*

<G(9) (1-G(6))?

= ®((b,c,e) | A, o).
This violates monotonicity, since (a,d, f) has a higher outcome o(a,d, f) = 01(a) +
02(d) + o3(f) = 12, while o(b,c,e) = 9. This again traces back to the light tails
of the Gaussian: the probit weights decrease too sharply, leading to a reversal of
monotonicity when the rule is extended to product menus in a decomposable way.

The results above demonstrate that widely used rules, such as probit, violate our

axioms even in very simple menus.
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6 Higher Dimensional Outcomes

Theorem 1 generalizes to a higher dimensional setting, in which the outcome space
is O = R"” rather than R. For menus with outcomes in R", the multinomial logit rule

with parameter § € R" is given by

exp(8 - o(a))
MNL?(a | A,0) = :
Dipea €xp(5 - 0(b))
where - 0(a) is the dot product. Likewise, the mixed-logit rule with mixing measure

we A(R™) is given by
MLA(a | A, o) — J MNLA(a | A, 0) du(3).

The axioms extend verbatim to vector-valued outcomes, with o(a) = o(a’) in the

monotonicity axiom interpreted as component-wise dominance.

Theorem 2. Let & satisfy monotonicity, continuity, and IID for the outcome space

O =R". Then ® coincides with a mized-logit rule ML" for some p supported on R'}.

Theorem 2 is proved in Appendix D. It follows the proof strategy of Theorem 1,
and moreover uses that theorem as a building block.
In the following subsections, we provide a few applications of this theorem. These

applications differ in how elements in the outcome space are interpreted.

6.1 Choice under ambiguity

Let © be a finite set of states. An outcome z is a function z: ©® — R, specifying
state-contingent payoffs. That is, x is a Savage act and the space of all outcomes can
be identified with O = R®.

Decision-makers are ambiguous about the state # € © and so may take into account
all the possible values xy. Monotonicity, continuity and IID translate naturally to this
setting.

By Theorem 2, if ® satisfies these axioms then there is a distribution p over Rf
such that

exp (S - o(a))

ZbeA eXp(/B . O(b)) d,u(ﬁ)

Oa| A o) =
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We can write every nonzero € R} as § = - p, where v € R, is given by v = >, B,
and p € A(O) is given by py = [y/v. We can thus reparametrize by letting p be
a distribution over Ry x A(O). Let (v,p) be drawn from pu, so that v is a random
positive number, and p is a random probability measure over ©.

The choice probabilities thus correspond to a population of decision makers parametrized
by (v, p), each behaving as if they have a belief p over © according to which they
stochastically maximize their subjective expected payoff u(a) = p - o(a), choosing an

action a with probability

exp(y - u(a))
Dveaexp(y - u(d))

When p is a point mass (i.e., in the decomposable, multinomial logit case), there is

one belief p and one parameter 7, so that behavior is consistent with a stochastic

expected-payoff maximizer.

6.2 Mean-Variance Preferences

Our one-dimensional setting considers a set of actions, each yielding a deterministic
payoft. In this section we apply our higher dimensional setting to study actions yield-
ing random payoffs. We will assume that these payoffs are normally distributed, with
known expectation and variance, and that decision makers prefer higher expectation
and lower variance.

Accordingly, let the outcome space be O = R x R, , where the first component
is interpreted as the mean and the second component as the variance of a stochastic
Gaussian monetary reward. The monotonicity axiom implies that individuals choose a
with higher probability than b if a yields a stochastic payoff that has a higher expected
value and lower variance. As an example, consider the the following menu, in which
the decision-maker compares two investment decisions that differ substantially by

expected rewards and variances

bond crypto
(A1701> = { b }

5 10
(o) (o)
Another example is choice between health insurance plans:

(A, 02) = {é) <1}>}’
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where plan a has lower expectation and lower variance, corresponding to higher cost
and better coverage.

In this setting, product menus correspond to combined choices in which the
stochastic payoffs are independent of each other, so that the expectations and vari-

ances are simply added. For example, the product menu

(A1,01) ® (Ay, 00) = {(bond,a) (bond,b) (crypto,a) (Crypto,b)}

(5) (s) (1) (1)

corresponds to a choice of investment and a choice of health insurance, which have
independent outcomes, so that the variances are indeed summed.

Theorem 2 implies that decision probabilities correspond to a population of agents
with various mean-variance preferences. lLe., there is a distribution p over (31, 52) €
R? such that agents evaluate an action a yielding a lottery with mean m and vari-

ance v according to u(a) = fym — [yv, and choose a with probability

exp(u(a))

Dea exp(u(b))

6.3 Production

A firm uses m inputs to produce n outputs. The outcome space is O = R™ x R",
so that each outcome is a production plan specifying a quantity for each input and
output. A menu is a choice of production plans that are feasible to the firm. We
think of inputs as negative and outputs as positive, so that the monotonicity axiom
implies that decision makers are more likely to choose a plan with less inputs and
more outputs. A choice in a product menu corresponds to choosing to implement two
production plans separately, which yields the sum of the two production plans. For
example, this could model a choice of what to implement in two separate factories
that do not affect each other. The IID axiom implies that the same choices will be
made in the first factory, regardless of the existence of the second. This mirrors a
basic feature of standard general equilibrium models in which combining firms does
not change their optimal production plans.

Theorem 2 implies that the choice probabilities correspond to aggregate choices of
a collection of firms that face various prices and stochastically maximize their profits.

Namely, there is a distribution p over prices in R} such that each firm faces a
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random price p ~ p and chooses a from A with probability

exp(p - o(a))
Yeaxp(p-o(b)

The particular case of a multinomial logit rule corresponds to the existence of one

fixed (rather than random) price faced by all firms.

7 Proof of Theorem 1

The remainder of this paper is a proof of our main theorem, which we hope is of
technical interest in its own right. We first describe a classical result of De Finetti
regarding partially exchangeable processes. Then, using IID, we extend our stochastic
choice rules to infinite products of menus, to which we apply De Finetti’s Theorem.
Monotonicity ensures the partial exchangeability of a process defined by the extended
choice rule. The mixture of i.i.d. conclusion of De Finetti’s theorem then implies that

the choice rule is a mixture of multinomial logit rules.

7.1 De Finetti’s Theorem for Partially Exchangeable Processes

An important tool in our proof is the De Finetti Theorem for partially exchangeable
processes. Let (X7, Xs,...) be a sequence of random variables, each taking values
in some finite set. We denote by 7 the tail sigma-algebra of this sequence, i.e., the
collection of all events that depend only on the values of X; for large enough 7 and are
unaffected by modifications to any finite prefix. Let (X, X,,,...) be a subsequence.
We say that this subsequence is exchangeable if its joint distribution is invariant to
any finite permutation of the coordinates.

Suppose that N = {1,2,...} can be written as a disjoint union of infinite sets
N = Nyu Ny U Nyu -+ such that for all k it holds that (X;)cn, is exchangeable. In
this case we say that (X, Xo,...) is a partially exchangeable process.

The following is a classical result due to De Finetti (1980). It is a generalization

of the well-known De Finetti Theorem for exchangeable processes.

Theorem 3 (De Finetti). Let (X, Xo,...) be a partially exchangeable process, wit-
nessed by the partition N = Nog u Ny U Ny U ---. Then for each k there exists a

tail-measurable random variable F}, such that, conditioned on the tail sigma-algebra,
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it holds that (i) the random variables (X1, Xa, ...) are independent, and (ii) fori € Ny

the random variable X; has distribution F,.

The random distributions F}, are the empirical measures. That is, if {i,ds,...} is

an enumeration of Ny, then

1 n
Fy(w) = lim ~ iy,

m=1

7.2 Extending ® to Infinite Products

Let Mx denote the subset of menus with outcomes in X < R and let M = Mxg.
Since M is closed under ®, a stochastic choice rule ® is defined for any finite product
of menus. The following lemma shows that there is a unique way to extend ® to
countable products of menus taking the form (A, u1) ® (A2, u2) ®- - -. We denote the
set of all countable products of menus with M*.”

The next proposition shows that when a rule satisfies monotonicity and I1D, we
can extend it to countable products of menus. Moreover, this extension satisfies
partial exchangeability.

Let (A1, 01), (Az,09), ... be a sequence of menus, and let M = (A1,01)®(As,02)®
-+ € M® Dbe their product. Denote by = [, 4; the set of sequences (a1, as,...)
corresponding to a choice in each of the menus. For a finite product (4, 0) = (A1,01)®
- ® (Ay, 0,), a probability measure ®(A,0) over [[;_, A; describes the probability
of each choice. We will extend ® to assign to the infinite product menu M a proba-
bility distribution over €. Given such a measure, denote by (Xi, Xs,...) the random

variables corresponding to the choice in each sub-menu, that is, X;(a,as,...) = a;.

Proposition 3. If ® satisfies monotonicity and IID, then there is a unique V defined
on M® such that for every M = (A1,01)®(Ag,09)®- - € M, W(M) is a probability

measure on 0 = [ |, A; satisfying

W(M)({a 5 Q‘al =bi,ay =by,...,ay = bn}> =& ((bl,bz,.--,bn) @(Ai,Oz‘O

for all n and all (by, by, ..., b,). Moreover, if (Ai,04) = (A, 0i,) = -+, then the

sequence of random variables (X;,, X,,,...) is exchangeable.

“Formally, we may identify M® with the set of sequences in M. We only refer to infinite products

of menus for notational convenience.
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Proof. Equip = [];2, A; with the product topology, under which it is compact.
Note that the sets of the form By, ,, = {a€Q|a; =by,a9 = by, ..., a, =b,} are
clopen. In particular, given n > 1 and a probability measure p,, on [ [}, A;, denote
by P(po) the set of probability measures on €2 that agree with p, on sets of the form

Bb1,...,bn:

Plitn) = {1+ 1(Bus,..0) = {1, b}

Then P(u,) is a compact subset of the probability measures on Q. It is also easily
seen to be nonempty.

Suppose that @ satisfies IID. Denote by g, the measure on [[;_; 4; given by
P(R,(A;,0;)). By IID, pin41 agrees with g, on By, 4., so that P(pni1) S P(pn)-
Since these sets are compact and non-empty, their intersection is non-empty, and so
there exists a probability measure ;1 on €2 that agrees with p,, on By, . Since the
latter sets form a subbase of the topology, the measure p is unique: {u} = NP ().

Finally, suppose that (A;,,0;,) = (A, 0i,) = ---; we would like to show that
sequence of random variables (X, X;,,...) is exchangeable. To this end, it suffices
to show, without loss of generality, that if we permute X;, and X, then the joint
distribution of any long enough prefix (X1, Xo, ..., X,,) of the entire sequence remains
unchanged. This follows from the monotonicity of @, since the joint distribution of
(X1, Xo, ..., X,) is given by ®(®",(A;,0;)), and by monotonicity, this distribution
assigns equal probabilities to sequences yielding the same total payoff, and payoffs
are preserved by permuting copies of the same menu, such as X;, and X,,, as long

as n is larger than both ¢; and i,. O

7.3 Mixed Logit from De Finetti
The next proposition is the heart of the proof of Theorem 1.

Proposition 4. If ® satisfies monotonicity and IID, then there is a mized-logit rule
ML* with p supported on [0, 0] such that ®|p, = ML¥|py,.

Proof. Let (By,u1),(Ba,us),... be an enumeration of My, the set of all the menus

with integer payoffs. Note that My is countable, because the set of actions A is

- {1 1)
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Define the sequence of menus (Ay,01), (A2, 02),... as follows. Write the natural
numbers N = Nygu Ny u Ny U - -+ as a disjoint union of infinite sets, and given i € Ny,
set (A;,0;) = (Bg, ug). Hence, there are infinitely many copies of each (B, ug) in the
sequence (A;, 0;);.

By Proposition 3, there is a unique ¥ defined on M* that marginalizes to & on
each finite product of menus. Recall that 2 = [;2, 4;. Let P denote the probability
measure on € given by ¥(®),~,(A;,0;)), and let X,, be the coordinate projections,
i.e., X,(ay,as,...) = a,, with the tail o-algebra of (Xi, Xs,...) denoted by 7.

Fix any k£ > 1. Enumerate Ny = {iy,is,...} and let

(}/17}/2a}/}n"') = (X’L Xiz) iga"')'

17

Enumerate Ny = {j1, jo,...}. Let
(21,25, Zs, . ..) = (X1, Xy, Xjsy .- 2),

Hence Y; corresponds to the choice in the ith copy of B, and Z; to the ¢th copy of By.

By Proposition 3 we know that (Y7, Y5, ...) are exchangeable, as are (71, Z, .. .).
It therefore follows by De Finetti (Theorem 3) that there are tail-measurable random
distributions F' and G, where F' is a distribution over By and G is a distribution
over By = {{, h}, and such that conditioned on the tail we have that (X7, Xs,...) are

independent, with Y; chosen from F, and Z; chosen from G, so that
F(by) =PY; =bp|T] and G(by) =P[Z; =by|T], forany i. (10)

The distributions F' and G are therefore the (random) empirical distributions of the

actions, i.e.,
F(by) =1i 1;1 and G(by) = li 1;1
= lim — _ n = lim — b
k n Y;=by, 0 n Z;=bg
Denote
G(h)
:1 _—
b=log gy

and note that 8 is a random variable taking values in [—o0,+0]. Let u be the
distribution of 5. We claim that ®(By,ux) is equal to ML#(By,ug). Since k is

arbitrary, and since (B, ux ), enumerate My, showing this will complete the proof.
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Choose any a,a’ € By such that ug(a) = ug(a’) and let d = uy(a) —ug(a’). By (10),
E[F(a) - G(0)"] = E[P[Yy = a| T] - P2, = (| T]---P[Z4 = £| T]].
Since Y; and Z; are independent conditioned on the tail,
E[F(a) G(O)Y| =E[P[Yy =a,Z1 ={,...,Z3=L|T]],
and so by the law of total expectation
E[F(a) - G(O)] =PYy =a,Zy = (,..., 2y = {].

Note that the probability on the right hand side is the probability, under ¥, of
choosing a in the first copy of (By, ux), and choosing ¢ in the first d copies of (By, ug).
Since ¥ agrees with ® on finite products, and since ® is monotone, it follows that this
probability is invariant to changing the choices to another set that yields the same

total payoff. Hence, since d = 0y(a) — 0,(d’),
E[F(a) - G(O)Y| =PYy =d',Zy = h,...,Zy = h].

By the same argument used above, we have that the right hand side is equal to
E[F(a') - G(h)?], and so we have shown that

We will need to show a stronger version of this equality. In particular, let P be
monomial in F(a), F(a’), G({),G(h). Then we claim that

E[F(a) - G(0)*- P] =E[F(d)- G(h)*- P]. (11)
For example, when P = F(a')G(¢), then, following the argument above,

E[F(a) - G(O)* Pl =PYi=a,Zy ={,..., Zg=0,Ys = d', Zg1 = (]
]P[}/l = a/7Z1 = h7"'aZd = haYQ = a/7Zd+1 :E]
E[F(d) - G(Rh)* P].

The general case follows the same idea, introducing an event of the form Y; = a,
Y, =d', Z; =l or Z; = h for each term in the monomial, using distinct indices ¢ each

time.
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By the linearity of expectation, we have that (11) holds for any polynomial P.
Thus, taking P = F(a)G(()? — F(a’)G(h)¢, we have that E[P?] = 0, so that

F(a)G(0)* = F(a)G(h)* almost surely. (12)

Note that if d = 0 then this proof yields that F'(a) = F(a’) almost surely. Otherwise,
d = u(a) — ug(a’) > 0. Let Ej, be the event that G(h) = 0, which is the event that
f = —oo. It follows from (12) that F'(a) = 0 conditioned on E}. Since a and o’ are
an arbitrary pair such that ug(a) > ug(a’), we have F(b) = 0 for any b that does
not yield lowest payoff. Likewise, we have F'(¢) = 0 for any ¢ that does not yield the
highest payoff conditioned on the event E, where G(¢) = 0 and § = +00. We thus
have that conditioned on 8 = +o, F = MNL" (B, uy,), and likewise conditioned on
B = —w, F = MNL™(By, uz).
Outside the union of Ej, and Ey, § is finite, and it follows from (12) that

F(a) — eﬂ(uk(a)_uk(a/)) _ eﬁuk(a)
F(a,/) eﬁuk(a/) .

Hence, also on the event (E, U E},)¢ we have that F' = MNL?(By, uy). We have thus
shown that F' = MNL?(By, u;), and so

®(a | By,ug) = P[Y; = a] = E[F(a)] = E[MNL’(a | By, u;)] = ML*(a | By, uy).

]

7.4 Final Steps

In the next proposition, we show that the mixing measure of a mixed logit rule is

uniquely identified by the restriction to Mgy,
Proposition 5. Suppose ML¥|p, = ML"|pm,. Then p = v.

Proof. Given v > 0, define the sequence of menus (Aj,0]),(As,09),... by A, =
{ai, ..., a,,b}, 0)(ax) =0, and 0} (b) = [@J Then

0 if <~
lim MNLP(b | Ay, 00) = 4 1/2 if B=1
1 if 8> ~.
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It follows that

) 1
lim ML*(b | An, 07) = gu({7}) + p((y, 0]),
and so p is identified by ML* restricted to M. O
Given Propositions 4 and 5, we are ready to prove our main theorem.

Proof of Theorem 1. We first show that ® coincides with some ML" on Mg. By
Proposition 4 there is some p such that ® restricted to My coincides with ML*.
Define for k = 1,2,. .., the rules ®* by

d* (A 0) = @ (A,% : 0) : (13)

Note that such rules satisfy monotonicity and IID, since ® does. Hence, by Propo-
sition 4 again, each ®*|y, = ML## |y, for some u;. By (13) and Proposition 5, it
follows that p = kypg.

For (A, 0) € Mg, there is a positive integer k such that (A, k- o0) € Mz. Thus,

B(A,0) = (A, k-0) = ML# (A, k - 0) = ML¥(A, 0).

Thus, @[, = MLlfw@- By Lemma 1, p is supported on the non-negative extended
reals. By continuity, u({+00}) = 0. Indeed, consider menus (A, o,) where A = {a, b},
on(a) = 0, and 0,(b) = L. By continuity and monotonicity lim, ®(a | A,0,) = 3. If,
however, p({o0}) = & > 0, then lim, ®(a | A,0,) < 2(1 — ), violating continuity.

Fix any menu (A,0) and a € A. For n = 1,2,..., define 0,,: A — Q by 0,(a) =
L[n - o(a)]. Since 0,(a) — o(a), by continuity, we have ®(A,0) = lim, . P(A, 0,).
Hence, @ is uniquely determined by ®|r4,. Since ®|rq, = ML*|r4,, and since ML is

continuous, it follows that & = ML*. O

8 Conclusion

This paper explores a novel approach to stochastic choice. We model the behavior
of an individual across a rich variety of situations, under the key assumption that
choices remain consistent when unrelated decisions are combined. Though often im-
plicit, this assumption underpins the validity of experimental analyses that focus on

isolated decision problems. In this paper, the corresponding IID axiom is taken as an
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assumption. But this assumption can be easily tested in a lab, by providing subjects
with different menus yielding carefully selected monetary payoffs, and seeing whether
their choice probabilities satisfy (3), the defining property of I1ID.

While the axioms we impose are quite mild, the richness of the domain allows
a strong conclusion: the individual’s behavior must follow a fixed mixed logit rule
across all contexts. This result allows one to predict choice behavior when the payoffs
are observable. But it also has implications for an analyst who only observes choice
probabilities and aims to estimate the payoffs driving this choice behavior. If the
analyst endorses the IID assumption with respect to these unobserved payoffs, they
must deploy a mixed-logit rule to estimate payoffs from observed choice probabilities,
and for subsequent counterfactual analysis.

This conclusion is robust to changes in the outcome space and, plausibly, to other
features of the model. While we focus on exact adherence to the axioms, real decision-
makers only satisfy them approximately. We believe our framework can be extended
to accommodate such deviations—approximate equality in the definition of IID or
approximate inequality in the definition of monotonicity—to yield approximate mixed
logit.

A more subtle extension would involve restricting the richness of the menu domain,
for instance, by limiting the number of primitive menus used to form product menus.
Our current proof relies on de Finetti’s theorem for infinite exchangeable sequences,
which requires taking products over arbitrarily many copies of the same menu. It
may be possible to adapt the approach to finite exchangeability, following Diaconis
and Freedman (1980). In such a setting, one might hope to recover approximate
representations, with the quality of approximation depending on the sequence length.
We leave these questions for future work.

The richness of our domain of menus may raise the question of whether behav-
ior over such a large domain can be observed by an analyst. Even if we restrict
attention to a finite domain, it would likely need to be large to guarantee a good
approximation—perhaps unrealistically large for being observed in practice. A more
practical view of our results is that the analyst assumes the decision maker could po-
tentially face many menus and would behave consistently with IID. This assumption
pins down the mixed logit rule, which can then be estimated from behavior over a

smaller subset of observed menus.
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A Monotonicity of Mixed Logit

Recall that the multinomial logit rule is given by

exp(f - o(a))
e exp(B-o(b))

for 3 € R. We extend this definition to 3 € {—o0, +o0} by letting MNL*® be the rule

in which the decision maker chooses uniformly at random one of the actions with the

MNL?(a | A,0) =

highest outcomes. Likewise, MNL™® is the rule in which the decision maker chooses
uniformly at random one of the actions with the lowest outcomes.

We accordingly extend mixed logit to allow the random parameter 3 to be chosen
from a distribution p over the extended reals.

The following lemma shows that in extended mixed logit the distribution of the
random response parameter must be supported on the non-negative extended reals

in order to achieve monotonicity.

Lemma 1. The extended mized-logit rule with random parameter 3 ~ u satisfies

monotonicity if and only if it satisfies monotonicity for menus in My if and only if

([ —o0,0)) = 0.

Proof of Lemma 1. Define, for k = 1,2,..., (A,0r) = ({a,b,c},(0,1,k)), and sup-
pose, for the sake of contradiction, that u([—0,0)) > 0. Then

. 1 ) 1
lim ®(4, o) (a) = 5u(0) + lim J[—oo,O) T3 of 1 oFF dpu(B)
1 1
— (0 d
PO+ | ans)
Lo [ ) = i a(4.000)
3M [—00,0) 1+ es a B kl—IIolO » Ok ’

so monotonicity is violated for large enough k. On the other hand, when p([—o0,0)) =

0, it is clear that ML* satisfies monotonicity.
O
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B Proof of Proposition 1

Lemma 2 (See, e.g., Hardy, Littlewood, and Pélya (1952)). If f,g: R — R are
strictly increasing functions and p is a probability measure then § fgdu = §fdu -
§ g du, with equality if and only if ju is a Dirac measure.

Lemma 3. Let (A,0) be a menu, and let

F(B) = . o(a) - MNL(a | A,0).

acA

Then f(p) is increasing in B, and strictly increasing if A is non-trivial.

Proof. Let A = {ay,--- ,a,} and denote u; = o(a;). Let d(f) = Y, e’*. Then
d(B) = Y ui-e™, d'(B) = Y uf - e

We can rewrite f(/3) as

and

g AP B
P8 = =58 * @y =~ agE e — dE) - ')

By the Cauchy-Schwarz inequality, we have

d'(B)* —d(B)-d'(8) = (Z uj - eﬁ“") - (Z eﬁ“i) : (Z ui eB”l’) <0,

where the equality holds when u; - vVef% = b-+/efu for all i, i.e., when wu; is constant.
O

Proof of Proposition 1. Let (A,0) = (A1,01) ® (Az,09) be a product of non-trivial
menus and let

f(8) = ), o1(a) - MNL(a | Ay, 0)

(lEAl

and

£2(8) = > 0s(a) - MNLP(a | A3, 05).

a€A2
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It follows that

D1 > oi(a) - 0a(b) - ML¥((a,b) | A,0)

acAq beAsy

= 3 Y @ o) [ MNL(@.) ] 4,0) (3

acAq beAsy

| 2 ¥ o) oa) - MNLA((0,) | 4,0)du(3),

a€A1 bEA2

by a change of the order of summation. By the decomposability of MNL?,

— [ S S 1(a) - 0a(b) - MNLZ(a | Ar,01) - MNLE(b | As, 02) du(8)
< aeA; beAs

— [ S or(@) MNLA(a | Ar01) T 0n(b) - MNLZ(b | A, 00) du(8)
v oaeA; beAs

- [ 7(8)1:(6) autd)

Since f; and fy are strictly increasing in f (Lemma 3),

> ([ - ([ eraus)

= (Z 01(a) - ML*(a | Al,ol)) : (Z 02(b) - ML#(b | A2,02)> .

acA, beAs

Moreover, by Lemma 2, the inequality holds with equality if and only if x4 is a Dirac
measure.

O
C Proof of Proposition 2

Lemma 4. Let L(8) = MNL’(a, | A,0) and H(3) = MNL’(a, | A, o), where

A = {a1,...,a,} and o(a;) < o(az) < --- < o(an), with at least one inequality
strict. Then —g—/,/ < —%.

Proof. Let o; denote o(a;), and let d(3) = Y., €. Then
d(B) =D 0™ < o,-d(B),
d'(B) =Y. o}e™ < o,-d(B).

i
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The derivatives of L are given by:

d on - d
V==F>—"F -

, Q(d/)Z - d// X d

L= =

Without loss of generality, assume o(a;) = 0 so that H = e”*» L. Then

H' = 0,e""L + eI/ = &P (0,L + L)
H" = 0he”" L + 20,6"" L' + e L.

Thus, we have:

H' L' 0L+20,l'+L" L

H I o L + L/

0oL L' +20,(L')* —o0,L-L"

L'(onL + L)

Since L' < 0 and o,L + L' > 0, the denominator of the above expression is negative.

Moreover the numerator simplifies to

d" — Ond/
&
so the overall expression is positive, as desired.
m
D Proof of Theorem 2
Proof. Let @ be a monotone, continuous rule on Mg~ satisfying IID. Let B =
{e1,...,e,} denote the basis of standard unit vectors of R™. For ¢t = 1,...,n, de-

fine the rule A; on Mg by Ai(A,0) = ®(A,0-¢;), where 0-e;: A — R™ maps a to

o(a) - e.

Since A; satisfies monotonicity, continuity and IID, by Theorem 1, A; = ML"* for

some 1; supported on R,.

Let (Bpi1,Unt1), (Bni2, Unia), ... be an enumeration of Mzn, the set of all the

menus with outcomes in Z". Note that Mz~ is countable, because the set of actions

A is countable. For ¢t = 1,...,n choose

(Bi, we) = {tg
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Since (Bni1,Unt1), (Bnia, Unia), ... is an enumeration, the menus (14) will appear
twice in (B, uq), (Ba, us), . . ..

Define the sequence of menus (Ajy,01), (Az2,09), ... in Mz as follows. Write the
natural numbers N = Ny u Ny U --- as a disjoint union of infinite sets, and given
i € Ny, set (A;,0;) = (By, ux). Hence, there are infinitely many copies of each (B, uy)
in the sequence (A;,0;);. Let Q = ]_[fil A;. By Proposition 3, there is a unique ¥
defined on M, that marginalizes to ® on each finite product of menus.® Let P denote
the probability measure on 2 given by ¥(X)~ (A;,0;)), and let X,, be the coordinate
projections, i.e., X, (a1, as,...) = a,, with the tail o-algebra of (X, Xs,...) denoted
by T.

Fix any k£ > n. Enumerate Ny = {i,ds,...} and let

(Y1, Yo, Ys,...) = (Xiy, Xiy, Xigs - .)-
Fort =1,...,n,let Ny = {ji 45, ...}. Let

Hence Y; corresponds to the choice in the ith copy of By and Z! to the ith copy of
By, as defined in (14).

By Proposition 3 we know that (Y7,Ys,...) are exchangeable, as are (71, Z%, .. .).
It therefore follows by De Finetti (Theorem 3) that there are tail-measurable random
distributions F, G4, ..., G,, where F'is a distribution over By, and G, is a distribution
over B; = {{;, h;}, and such that conditioned on the tail we have that (X, Xs,...)

are independent, with Y; chosen from F', and Z! chosen from Gy, so that
F(by) =P[Y; = b | T] and Gy(by) = P[Z! = b, | T], for any i. (15)

The distributions F, Gy, ..., G, are therefore the (random) empirical distributions of

the actions, i.e.,

1 1
F(by) = liyrln - Z ly,—p, and Gi(b) = liyrln - Z lgiy, — as.

i=1 i=1
Denote by  the n-dimensional random variable with coordinates

ﬁt = IOg %7

8Formally, Proposition 3 is stated for Mg, but the exact same proof applies to Mpgn.
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and note that 3 takes values in [—o0, +o0]™. Let u be the distribution of 5 and p,; be
the marginal distribution of f,.

We claim that ® (B, ug) is equal to ML#( By, uy). To this end, choose any a,a’ €
By, let d; denote the ¢-th coordinate of ug(a) — ug(a’), and let d;f = max{d,;,0} and
d; = max{—d;,0}. By (15), Y; and Z},..., Z! are independent conditioned on the

tail. By the same argument used in the proof of Proposition 4 we conclude that

F(a) - Gl(ﬁl)df o Gn(én)d’t Gr(h)M - G(hy)™
= F(a) - Gi(6)™ - Go(6)™ - Gi(h)M - Gp(hy)™  almost surely.  (16)

Let R; denote the one-dimensional vector space spanned by e;. Note that for

(By,ui) € Mg,, di =d; =0 for all i # t. Hence, in this case we have

F@) _ pua-uay _ &

F(a) eBrur(a)’

and we may conclude that A;|y, = ML#|rq,. Thus, by Proposition 5, u; = 14, so the
support of y; is contained in R,. Thus, [ is finite (and F is non-degenerate) almost

surely. For any (B, uy) it follows from (16) that

F(a) _ stun@-uay _ &

F(a') T Pul@)

We have thus shown that F = MNL?(By, ), and so
®(a | By,u) = P[Y; = a] = E[F(a)] = E[MNL’(a | By, u)] = ML*(a | By, uy,).

We now show that | Mgn = ML¥|pyn - As in the proof of Theorem 1, we define,

for k=1,2,...,
1
P (A, 0) = @ (A,E . 0) .

Since each of these rules satisfy monotonicity and IID they are mixed-logit rules.
We now show that their mixing measures must be k,'u by proving an analogue of
Proposition 5 for multidimensional mixed-logit rules.

Given v € R, and m € N, define the menus (C,,07"),...,(Cp,0) in Mzn by
Cp = (a1,...,am,b), of*(ax) = 0, and 0}"(b) = [hlg—zn)] ey, for t = 1,...,n. Let
(Amyom) = (Cpy 07") ® -+ - ® (Cpy 00). Then

42



0 if B < for some ¢
QLk if 8=~ and |{t: B = v} =k

Thus p is identified by ML* restricted to Mgyn.
For (A, 0) € Mgn, there is a positive integer k such that (A, k- 0) € Mzn. Thus,

lim MNL((D,...,b) | Ap, 0m) =

B(A,0) = O*(A, k-0) = ML* (A, k - 0) = ML*(A, o).

Thus, ®|pmg. = ML#|py.. Fix any menu (A4,0) and @ € A. For n = 1,2,..,
define 0,: A — Q" by 6,(a) = £[n - o(a)]. Since 0,(a) — o(a), by continuity, we
have ®(A,0) = lim, ., ®(A,0,). Hence, ® is uniquely determined by ®|a(,.. Since
| pmgn = ML¥| 04y, and since ML¥ is continuous, it follows that & = ML".

[

In some natural applications of stochastic choice, outcomes are limited to a subset
of Euclidean space, such as the positive orthant (see, e.g., §6.2 and §6.3). Our char-
acterization still applies, provided the outcome space is rich enough. Indeed, as the
following corollary shows, a stochastic choice rule defined for menus with outcomes in
a convex cone that satisfies the axioms can be extended to a rule on R” that satisfies

the axioms.

Corollary 2. Let C' < R"™ be a full-dimensional convex cone, and let ® be a stochastic
choice rule on M that satisfies monotonicity, continuity, and IID. Then & = ML*

for some . supported on R'}.

Proof. Let C and ® as in the corollary. Define ¥ on Mg» by ¥(A,0) = (4,0 + ¢),
where ¢ € C is such that o(a) + ¢ € C for all @ € A. Note that, by IID, ¥ is
well-defined, since any such c¢ leads to the same distribution W(A4,o0). It is obvious
that ¥ is monotone. W is moreover continuous as ¢ may be chosen continuously.
Finally, for W(Ay,01) = ®(A1,01 + ¢1) and V(Ay, 09) = ®(As, 00 + ¢2) and (A,0) =
(A1, 01) ® (Az, 09), we have

‘1’(&1 | A,O) = (ID(al | A,0+ c1 + CQ) = CID(al | Al,Ol + Cl) = \I/(a1 | Al,Ol),

for all a; € A;. Thus ¥ satisfies IID and is a mixed-logit rule. Since ¥ agrees with ®

on (', ¢ is a mixed-logit rule. O]
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