
SS 205B, SET 3

DUE MONDAY, FEBRUARY 21ST

Collaboration on homework is encouraged, but individually written solutions are

required. Also, please name all collaborators and sources of information on each

assignment; any such named source may be used.

Note: some of the claims that you are asked to prove are false. For these

claims please provide a counterexample.

(1) Find a compact convex A ⊂ R
n (for an n of your choice) and a nonempty,

upper-hemicontinuous correspondence Γ : A → A that does not have a fixed

point.

(2) Suppose that Y ⊆R
L is convex. Let K be a convex compact subset of RL, and

Ŷ = K∩Y . Show that if ŷ ∈ Ŷ ∗(p) and ŷ is in the interior of K then y ∈Y ∗(p).

(3) Denote P = {(p1, p2) : p1 ≥ 0, p2 ≥ 0, p1 + p2 = 1}. Let Z∗ : P → R
2 be a con-

tinuous function (not a correspondence!) such that p ·Z∗(p) ≤ 0. Prove that

there exists a p ∈ P such that Z∗(p) ∈ R2
−

. You may not use any fixed point

theorems in this proof. Hint: the intermediate value theorem may be useful.

(4) Suppose Y ⊂ R
L is compact. Show that the correspondence Y ∗ : RL

→ R
L

given by Y ∗(p)= argmaxy p · y is

(a) Upper-hemicontinuous. I.e., for every pn
→ p and yn

→ y such that

yn
∈Y ∗(pn) it holds that y ∈Y ∗(p).

(b) Lower-hemicontinuous. I.e., for every pn
→ p and y ∈ Y ∗(p) there is a

sequence yn
→ y such that yn

∈Y ∗(pn).

(5) Prove that if Γ : A →B and Γ′ : A →C are nonempty, compact, upper-hemicontinuous

correspondences then so is the correspondence Γ+Γ
′ from A to B +C that

maps a ∈ A to Γ(a)+Γ′(a). Here addition is Minkowski addition.

(6) Give an example of a closed, convex, LNS preference over X i = RL
+

and a non-

interior e i ∈ RL such that the correspondence p 7→ X∗

i
(p, pe i ) is not upper-

hemicontinuous.

(7) Prove Kirchberger’s Theorem. You can use Carathéodory Theorem for convex

hulls.
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